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jy-s . The Kerr-AdS metric in dimension D has cohomogeneity [D/2]; the metric components 

^_j ' depend on the radial coordinate r and [D/2\ latitude variables /ij that are subject to the 

^T I constraint ^^ fif = 1. We find a coordinate reparameterisation in which the /Xj variables are 

^^ ■ replaced by [D/2] — 1 unconstrained coordinates ya, and having the remarkable property that 

^^ ' the Kerr-AdS metric becomes diagonal in the coordinate differentials dya- The coordinates 

"t^ ! 
' , r and ya now appear in a very symmetrical way in the metric, leading to an immediate 

Qh. 
^ ■ generalisation in which we can introduce [D/2] — 1 NUT parameters. We find that {D — 5)/2 

^ I are non-trivial in odd dimensions, whilst {D — 2)/2 are non-trivial in even dimensions. 

^ . This gives the most general Kerr-NUT-AdS metric in D dimensions. We find that in 

C^ ' all dimensions D > 4 there exist discrete symmetries that involve inverting a rotation 

parameter through the AdS radius. These symmetries imply that Kerr-NUT-AdS metrics 
with over-rotating parameters are equivalent to under-rotating metrics. We also consider 
the BPS limit of the Kerr-NUT-AdS metrics, and thereby obtain, in odd dimensions and 
after Euclideanisation, new families of Einstein-Sasaki metrics. 
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1 Introduction 

With the discovery of higher-dimensional super gravities, string theory and M-theory, it 
has been appreciated that higher-dimensional solutions of the Einstein and supergravity 
equations have an important role to play. With this realisation, it becomes of considerable 
interest to carry out investigations in higher dimensions, generalising the earlier very ex- 
tensive four-dimensional studies, of the most general classes of solutions subject to certain 
symmetry assumptions. In this regard, black hole metrics and their generalisations are 
amongst the most important solutions worthy of investigation. 

In four dimensions the early discovery of Schwarzschild solution was quickly followed by 
the extension to the Reissner-Nordstrom solution, and, considerably later, by the discovery 



of generalisations with rotation, a cosmological constant, a NUT parameter, and an acceler- 
ation parameter. The general solution containing all these parameters was obtained in [1]. 
Less is known in higher dimensions, and it was not until 1986 [2] that the generalisation of 
the Kerr solution to dimensions D > 5 was obtained. A feature of these higher-dimensional 
black holes is that there are [{D — l)/2] independent rotation parameters, corresponding 
to independent rotations in the [{D — l)/2] orthogonal spatial 2-planes. The metrics in 
general have cohomogeneity [D/2] in D dimensions, with lower cohomogeneities arising in 
specialisations where some of the rotation parameters are set equal. The generalisation to 
include a cosmological constant was obtained in five dimensions in [3], and in arbitrary 
dimension in [4, 5]. 

It is of interest to generalise these higher-dimensional Kerr-AdS metrics further, by 
including also NUT charge. Recent progress in this direction was made in [6], where it 
was shown that one can introduce a NUT charge parameter in all the Kerr-AdS metrics in 
Z) > 6 if they are first specialised, by equating rotation parameters appropriately, to have 
cohomogeneity 2. The case of D = 4 had, of course, been obtained long ago, and the case 
D = 5 turns out to be rather degenerate, in that the NUT parameter is trivial and can be 
removed by a redefinition of the other parameters and the coordinates. (Cohomogeneity-one 
pure multi-nut solutions in higher dimensions were obtained in [7].) 

The purpose of the present paper is to present new NUT generalisations of the Kerr- 
AdS metrics which are, we believe, of the most general possible type. We find that in 
D dimensions the general Kerr-AdS metric (with all rotation parameters allowed to be 
unequal) can be extended by the inclusion of (D — 5)/2 independent NUT parameters when 
D is odd, and (D — 2)/2 when D is even. We arrived at these solutions by first rewriting 
the Kerr-AdS metrics using a set of coordinate variables that make the introduction of the 
NUT parameters a very natural generalisation of the usual mass parameter. 

The choice of coordinates in four dimensions that leads to the natural inclusion of a 
NUT parameter in the Kerr-AdS solution is rather well known. In the standard description 
of the Kerr-AdS solution one has angular coordinates (9, (/)) parameterising the 2-sphere 
spatial sections at constant radius r. If one defines y = a cos 9, where a is the rotation 
parameter, and makes appropriate linear redefinitions of the time and azimuthal coordinate 
(p, the metric can be written as 

ds, = -^^^^{dr + ydi;) + ^^^^ {dr - r d4.) + + , (1) 

where 

A, = (r2 + a2)(l+5V)-2Mr, Ay = {a^ - y^){l - g^y^) . (2) 



This Kerr-AdS solution, satisfying R^,y = —Sg^gf^^j is generalised to include the NUT 
parameter L by replacing Aj^ by 

Ay = {a^-y^){l-gV) + 2Ly. (3) 

An important feature of this parameterisation, which makes the inclusion of the NUT 
parameter very natural, is that the radial variable r and the "latitude" variable y are placed 
on a very symmetrical footing. The NUT generalisations of the higher-dimensional Kerr- 
AdS metrics that were obtained in [6] worked in a very similar way. An essential part of 
the construction was that the rotation parameters had to be specialised in such a way that 
the cohomogeneity was reduced to 2, and so again a latitude-type coordinate y could be 
introduced in such a way that it, and the radial variable r, appeared in a very symmetrical 
way. The metric functions depended on r and y, with the (D — 2)-dimensional hypersurfaces 
at constant r and y being homogeneous. 

The key to finding the NUT generalisations that we obtain in the present paper is to 
make a suitable reparameterisation of the multiple "latitude" coordinates that arise in the 
higher-dimensional Kerr-AdS metrics. In D dimensions one has the time and radial variables 
(t,r), [{D — l)/2] azimuthal angles </>j and [D/2] latitude, or direction cosine, coordinates 
fii, which are subject to the constraint 

[D/2] 

E^' = i- (4) 

The spatial sections at constant radius r have the geometry of deformed (D — 2)-spheres. 
The unit S* metric is given by 



[D/2] 


[(D-l)/2] 




> : *? 

1=1 


+ >: 

1=1 


^?#? 



dn' = ^ df^t + ^ ^^#^ (5) 

1=1 1=1 

in these variables. Associated with each azimuthal angle (pi is a rotation parameter a^. 

We find that the appropriate reparameterisation of the fii coordinates is as follows. 
Taking D = 2n + 1 m the odd-dimensional case, and D = 2n in the even-dimensional case, 
we parameterise the n coordinates ^j as 






,,2 _ lla=l\"'i yg) /f.\ 

l^i ~ T-r/n / 9 9\ ' V"; 



where the prime on W indicates that the term that vanishes (i.e. when k = i)\s omitted from 
the product. -"^ Note that this parameterisation using just (n — 1) coordinates y^ explicitly 
^Transformations of this type were first considered by Jacobi, in the context of constrained dynamical 
systems [8]. 



solves the constraint (4). It also has the striking property that it diagonalises the metric 
(5) on the unit sphere, expressed in terms of the unconstrained latitude variables ya- 

n-l liD-l)/2] 

a=l i=l 

where the notation Y\ universally indicates that the vanishing factor is to be omitted from 
the product, fif is given by(6), and 

^"" m=M-yl) ■ ^^ 

Note that the parameterisation (6) solves the constraint (4), and diagonalises the metric as 
in (7), for arbitrary choices of unequal constants af. 

When we utilise (6) in the next section, we shall take the constants Oj to be the rotation 
parameters of the Kerr-AdS black holes. In the case of even dimensions D = 2n, there are 
only (n — 1) rotation parameters, and so a„ is taken to be zero. We shall see that with this 
choice of the parameters in the Jacobi transformations (6), the Kerr-AdS metrics obtained in 
[4, 5], which are non-diagonal in the latitude coordinate differentials dfii, remarkably become 
diagonal with respect to the unconstrained coordinate differentials dya- Furthermore, we 
shall see that after writing the Kerr-AdS metrics in terms of the coordinates {t,r,ya,4>i), 
the radial variable r and the latitude variables ya enter the metrics in a very symmetrical 
fashion, such that the generalisation to include a set of (n — 1) NUT parameters becomes 
very natural. We have explicitly verified, with the aid of a computer, that in all dimensions 
D < 15 these generalisations of the Kerr-AdS metrics satisfy the Einstein equations. Since 
there are no special features peculiar to these dimensions, we can with confidence expect 
that the generalisations satisfy the Einstein equations in all dimensions. 

After presenting the general Kerr-NUT-AdS metrics in section 2, we then consider, 
in section 3, some simpler expressions for the Kerr-NUT-AdS metrics. It turns out that 
the symmetrical appearance of the radial and latitude variables is further enhanced if one 
performs a "Wick rotation" of the radial coordinate r, and defines variables x^ with Xq. = ya, 
Xn = i?"- This leads to a form for the metric in which all the coordinates x^ enter on an 
exactly parallel footing. In a further simplification of the expressions for the metrics, we 
find that by defining appropriate linear combinations of the time and azimuthal coordinates, 
the Kerr-NUT-AdS metrics can be cast in a form that provides a natural generalisation of 
the four-dimensional metrics described in [9]. We also discuss certain scaling symmetries 
and discrete symmetries of the Kerr-NUT-AdS metrics. The scaling symmetries imply that 



there are (n — 2) non-trivial NUT parameters in odd dimensions D = 2n + 1, and (n — 1) 
non-trivial NUT parameters in even dimensions D = 2n. The discrete symmetries imply 
that metrics with over-rotation, i.e. where one or more rotation parameters exceeds the AdS 
radius, are equivalent to metrics with under-rotation. 

In section 4, we focus on the particular cases of dimensions D = 6 and D = 7, since these 
are the lowest dimensions where our new results extend beyond those known previously. In 
section 5 we study the super symmetric, or BPS, limits of the new metrics in odd and even 
dimensions. After performing a Euclideanisation, the odd-dimensional solutions give rise 
to new examples of Einstein-Sasaki metrics in D > 7. By writing these as circle fibrations 
over an Einstein-Kahler base, we thereby obtain new classes of Einstein-Kahler metrics in 
all even dimensions D > 6. The paper ends with conclusions in section 6. 

2 The General Kerr-NUT-AdS Solutions 

In this section, we shall present our general results for the Kerr-NUT-AdS metrics in D 
dimensions. These ostensibly have a total of (D — 1) independent parameters, comprising 
the mass M, the [{D — l)/2] rotation parameters Oj, and [{D — 2)/2] NUT parameters 
La- As we shall discuss later, in odd dimensions there is a symmetry that allows one to 
eliminate one of the parameters, and so in odd dimensions there are actually in total (D — 2) 
non-trivial parameters in the solutions we obtain. 

The first step is to rewrite the Kerr- AdS metrics, which were obtained in [4, 5], in terms 
of the new coordinate parameterisation introduced in (6). It is advantageous to separate 
the discussion into two cases, depending upon whether D is odd or even. 

2.1 The odd-dimensional case: D = 2n + I 

As a preliminary, we make the following definitions: 

n-l 



U = Yl{r^ + yl), Ua = -{r' + yl)]Xl^,iyl-yl)^ l<a<n-l, 

Q = l 

n—1 n—1 

W = 11(1 -gVa), 7* = n(«^-y')' 1<^<^, 

Q=l a=l 

k=l 
1 2 2" 

Xa = ~^^" Y[{al-yl) + 2La l<a<n-l. (9) 



k=l 



We have actually already included the new NUT parameters L^ here; they appear just in 
the definitions of the functions X^. Note that again the notation W indicates that the term 
in the full product that vanishes is to be omitted. 

Using these functions, we find that the Kerr-NUT-AdS metrics vn D = 2n + l dimensions 
are given by 

n-l 



ds' 



^dr^ + 



IT 

-I ^^a 
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a=l 

n 






(l + C,2r2)VF 



a^vi 



di 



Wdt 



E 

i=l 



+ ■ 



k=l "fe 



n 



71—1 2 

a=l Va 



{l + g^r^)Wdt 
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j=i 


aKr' + o^)l. 


- rlrh- 


af-Va 


acpi 
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Y^{r^ + af)-fid4>i 



~ l2 



(10) 



1=1 



With the parameters La set to zero, the metrics are just a rewriting of the Kerr-AdS metrics 
obtained in [4, 5], using the new coordinates t/q, defined by (6).^ They are written here in 
an asymptotically-static frame. We have also rescaled the time and azimuthal coordinates 
in order to simplify the expression. They are related to the original asymptotically static 
coordinates (t, </>«) by 



t 



j=l 



xilM 



al) 



(11) 



where Hj = 1 — g'^ a^. The coordinate t is canonically normalised, and the coordinates (j)i 
each have period 2tt, in the Kerr-AdS metrics. 

The new metrics that we have obtained, by including the (n — 1) parameters L^ in the 
definition oi X^ in (9), describe the general Kerr-NUT-AdS metrics in dimension D = 2n+l. 
As we shall discuss in section 3.1, in odd dimensions there is actually a redundancy among 
the (n — 1) NUT parameters, with one of them being trivial. Thus the total count of non- 
trivial parameters in the general Kerr-NUT-AdS metrics in dimension D = 2n+ 1 is 2n — 1, 
which can be thought of n rotation parameters, the mass, and (n — 2) NUT charges. 



2.2 The even-dimensional case: D = 2n 

In this case we begin by defining functions as follows: 

n-l 



/ n—1 



U = llir^+yl), Ua = -{r^+yl)ll ivl-yl), l<a<n-l, 



Q = l 



^Note that the metric signature is just the usual ( !-+•••+), for the appropriate choices of the j/q 

coordinate intervals that correspond to the standard Kerr-AdS black hole solution. 



n—1 n— 1 



W = 11(1 -gVa), 7*=n("*'-y')' l<i<n-l, 

n—1 

X = {1 + g'^r^) Yl{r^ + 4) - 2M r , 
fe=i 

n—1 

Xa = -{l-gVa)ll{al-yl)-2L^ya, l<a<n-l. (12) 



k=l 

We find that the Kerr-NUT-AdS metrics in D = 2n dimensions are given by 

a=l i=l 



+ 2^-[r[ l-qV d^-1. a^_y2 d^ . (13) 

Again, the previously-known Kerr-AdS metrics correspond to setting the new NUT param- 
eters La to zero in the definition of the functions Xa in (12). The coordinates t and (pi are 
related to the canonically-normalised coordinates t and (pi of the Lq = Kerr-AdS metrics 

by 

" —1 

t = t Jl Hi , (/)j = Oj Hj 0i Jl ^^^ (of - al) , (14) 

j=i 
When Lq, = 0, regularity of the Kerr-AdS metric dictates that the azimuthal angles (pi 

should all have period 27r. 

As we shall discuss in section 3.2, all the NUT parameters are non-trivial in even di- 
mensions, and so the general Kerr-NUT-AdS metrics in dimension D = 2n have 2n — 1 
independent parameters, comprising (n — 1) rotations, the mass, and (n — 1) NUT param- 
eters. 

3 A Simpler Form for the Kerr-NUT-AdS Metrics 

We already saw in section 2 that the Kerr-NUT-AdS metrics assume a rather symmetrical 
form when the latitude coordinates Hi are parameterised in terms of the coordinates ya 
using (6). The parallel between the radial coordinate r and the latitude coordinates ya 
becomes even more striking if we perform a Wick rotation of the radial variable, and define 
the n coordinates x^ by 

x„ = ir, Xa = ya , 1 < a < n — 1 . (15) 

As we shall show, the Kerr-NUT-AdS metrics can now be written in a considerably simpler 
form. In fact, if we then perform further transformations on the time and azimuthal coor- 



dinates, we arrive at an even simpler way of presenting the Kerr-NUT-AdS metrics, which 
generahses the four-dimensional expressions obtained in [9]. As always, it is convenient to 
separate the discussion at this stage into the cases of odd and even dimensions. 

3.1 D = 2n + 1 dimensions 

We first define the functions 



U,, 



W 



]Xl^,i4-4)' ^1 






2 2\ 

9 ^v) 



li 



n( 



(1 - ra;^ 



2 _ 2^ 



.2^2 \ n 



\{{al-xl) + 2M^, 



k=l 



(16) 



The odd-dimensional Kerr-NUT-AdS metric (10) can then be written as 



ds^ 



n 



Uu 



■ dx„ + 



X,. 



,,=1 ^f ^^ 



w 



1 - g'^xl 



di-E 



n 9 _ 



^af-xl 



nn 



11«=1 ^n 



wdt-Y,% 



i=l 



(17) 



Note that M„ is just equal to the previous mass parameter M, while the remaining M^ are 
NUT parameters, previously denoted by La. 

It is useful to give also the inverse of the metric (17). Defining 



^M = \{{4- 4f ' ^^=11 fe=iK' - «fc) ' 



fe=l 



(18) 



we find that the inverse metric is given by 



yds 



dy 



t{^(^)'^ 



O/; 



^=1^^A^ Vax^ 



(nLi4)/ 1 



u,x,i{u,^j)di 



i_5_ A (i-g'xl 



d 



kJi ^k Sfc (al - xf^) 



d 



(n"=i xl) V (n,- H,) di ^ alBk Hfc d~4>k ^ 



n ^ 



d \2 



(19) 



The inverse metric becomes somewhat simpler if expressed in terms of the original canon- 
ically normalised coordinates t and 0^) whose relation to t and (j)k is given in (11). The 
metric (19) then becomes 






n 



x„ 



d \2 






+ 



J,, 



■^fi '-^fi ^^M 



d_ " afc(l-g^x^) d 



(n"=i4) V5t ' f^^akd^k 



+ E 



1 d \2 



(20) 



It is straightforward to see that the Kerr-NUT-AdS metrics (10) and (17) have a set of 
discrete symmetries under which one of the rotation parameters Oj is inverted through the 
AdS radius 1/ g. Thus, choosing ai for this purpose as a representative example, we can see 
that (17) is invariant under the set of transformations 

1 Oo 

aig ^ , Oj -^ -^^ , 2 < J < n , 

aig aig 

M X 

with (f)j for 2 < j < n left unchanged. This, and the other permutation-related inver- 
sion symmetries, can always map a metric with over-rotation (one or more parameters Oj 
satisfying \aig\ > 1) into a metric with under-rotation (all parameters satisfying \aig\ < 1). 
A further simplification of the new Kerr-NUT-AdS metrics that we obtained in (10) and 
(17) in dimensions D = 2n+l is possible, allowing them to be written in a manner that is a 
rather natural higher-dimensional analogue of the expression in [9] for the four-dimensional 
rotating black hole metrics. Again we begin by performing the "Wick rotation" of the radial 
variable, as in (15). We then find that after appropriate linear redefinitions of the time and 
azimuthal coordinates, the D = 2n+ 1 Kerr-NUT-AdS metrics can be written as 



n— 1 






where we define 



^ fc=i ^^ 



I 



Am _ V^ ^22.2 ^ik) _ V^ ^2 2 ..2 ,cy,^ 

Vl<U2<---<Vk v\<V2---<Vk 

Here, the prime on the summation symbol in the definition of A^ indicates that the index 
value /U is omitted in the summations of the u indices over the range [1,^]. Note that ijjq 
plays the role of the time coordinate. It is worth remarking that A" ' and A}j can be 
defined via the generating functions 

n n n n— 1 

ll{l + Xxl)=Y^X'^A(''\ {l + Xxl)-'Yl{l + Xxl) = Y^X''Ap. (24) 

u=l k=0 v=l fc=0 

The constants Cfe, c and h^ are arbitrary, with c„ = (— l)""*"^ (7^ determining the value 
of the cosmological constant, R^y = —2ng'^g^y. The remaining 2n constants c^, c and b^ 
are related to the n rotation parameters Cj, the mass M and the (n — 1) NUT parameters 

10 



La in the obvious way that fohows by comparing X^ in (23) with X^ in (16). However, it 
should be noted that not all the parameters are non-trivial in the general solution. This 
can be seen from the fact that there is a scaling symmetry of the metric (22), under which 
we send 

Ck^X'^-^'ck, c^A^^+^c, b^^X'^b^. (25) 

This scaling symmetry implies that there is one trivial parameter in the general Kerr-NUT- 
AdS solution, leaving a total of 2n — 1 non-trivial parameters in D = 2n -|- 1 dimensions. 
In fact, in odd dimensions there is not necessarily a clear distinction between rotation 
parameters and NUT parameters, as can be seen by comparing the expressions for the 
functions X^ in (23), and the expressions in terms of rotations, mass and NUT parameters 
in (16). One might for example find that for some values of the parameters, if the scaling 
symmetry (25) is used in order to remove a "redundant" NUT charge, then this leads to 
a rotation parameter becoming imaginary. In such a range of the parameters, it would 
be more natural to retain the redundant NUT parameter. This is quite different from the 
situation in even dimensions, where the mass and NUT parameters are distinguished by 
being the coefficients of linear powers of the coordinates, as can be seen in (12) and in (27) 
below. 

We find that the inverse of the metric (22) is given by 



1 / 9 \2 



The specific case of the Kerr-NUT-AdS metric in D = 7 dimensions is discussed in 
section 4.1, including the explicit transformation of the time and azimuthal coordinates 
that brings the metric into the form (22). We also give a more extensive discussion of the 
counting of non-trivial parameters in this example. 

3.2 D = 2n dimensions 

In this case, in addition to performing the Wick rotation of the radial variable as in (15), 
one must additionally rescale the mass by a factor of i in order to obtain a real metric. We 
then define functions 

n-l 

fc=l 

11 



w 



na 



2 2\ 

9 xj 



j, = Yl{a]-xl), (27) 

where M„ = iM and Ma = La- The even-dimensional Kerr-NUT-AdS metrics (13) can 
then be written as 



ds' 
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W"^ 



^dxl + ^ 



W 



Uf, ll-g'^xl 
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fcr«' 



li 



■d(i>i 



We find that the inverse of the metric (28) is given by 



where 



dsJ 
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S, = {al - xlf 
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9^x1 
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(rife Sfc) di ^ Hfe Bk (a 



I - 4) 



'}, (29) 



B, 



/n—l 



fc=l 



n.,,t 



4) 



(30) 



Note that in terms of the original canonically- normalised coordinates t and (j)i , the inverse 
metric (29) takes the slightly simpler form 



(1)^ 






M=l 



x„ 



d 



Uf, \dx^ 



+ 



Oil 



n-1 



u^^x^ 



[d_ ';-Aak{l-9^xl) d 

k=l ^ k IJ.' 



{al - xl) dcbk 



(31) 



The even-dimensional Kerr-NUT-AdS metrics (13) and (28) also have a set of discrete 
symmetries under which any one of the rotation parameters aj is inverted through the AdS 
radius 1/g. Thus, for example, (28) is invariant under the set of transformations 

1 a,- 



aig 



M„ 



aig 

M, 



iJ- 



{aig) 



2n-l ' 



aig 



2 < J < n - 1 , 

L , 4>i^ gt, 



aig 



(32) 



with (j)j for 2 < j < n — 1 left unchanged. This, and the other permutation-related inver- 
sion symmetries, can always map a metric with over-rotation (one or more parameters Oj 
satisfying \aig\ > 1) into a metric with under-rotation (all parameters satisfying \aig\ < 1). 
Again, we find that the new Kerr-NUT-AdS metrics in dimension D = 2n, which we have 
obtained in (13) and (28), can be further simplified and written elegantly in a form that is 
a natural higher-dimensional analogue of the four-dimensional metrics in [9] . After making 
the Wick rotation of the radial variable, as in (15), we then find that after appropriate linear 
redefinitions of the time and azimuthal coordinates, the D = 2n Kerr-NUT-AdS metrics 
can be written as 

n J 2 n—l 2 

ds- = Y^{^ + Q,{Y.4^'^^k) }' (33) 
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fe=0 
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we define 
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(34) 



Again, tlie prime on tlie summation symbol in the definition of Af^ indicates that the index 



M 



value fi is omitted in the summations of the ly indices over the range [l,n]. The constants Ck 
and b^ are arbitrary, with c„ = ( — 1)"+^ g^ determining the value of the cosmological con- 
stant, R^i, = — (2n — 1)0^ g^y. The remaining constants Cfc and 6^ are related to the rotation 
parameters, mass and NUT parameters in the obvious way that follows by comparing X^ 
in (34) with X^ in (27). 

In this even-dimensional case there is ostensibly a mismatch between the total number 
of parameters in the metrics (13) or (28), namely (n — 1) rotation parameters Oj, the mass 
M and the (n — 1) NUT parameters L^^ and the number of parameters in the polynomials 
X^, namely n constants Ck for < /c < n — 1, and n constants b^. However, there is also a 
scaling symmetry that leaves the metric (33) invariant, namely 



^fl 


-^ Xxf,, iJk 


-^x-^'-'i^k, 


Ck - 


^ X'^-'' Ck , 


^ ^ A^" b^ . 



(35) 

This implies one parameter in X^ is trivial, leaving 2n — 1 non-trivial parameters in total 
in the general Kerr-NUT-AdS solution in dimension D = 2n.^ 

It is useful also to record the inverse of the metric (33), which we find to be 

(i)^^EK(^)^^[|(-»'4— '4]^}' <-' 

The specific case of the Kerr-NUT-AdS metric in D = 6 dimensions is discussed in 
section 4.2, including the explicit transformation of the time and azimuthal coordinates 
that brings the metric into the form (33). 

^It should be emphasised that there is a significant difference therefore between even and odd dimensions, 
as regards the number of non-trivial NUT charges that can be introduced. In even dimensions D = 2n the 
general Kerr-AdS metrics can be augmented with the introduction of (n — 1) non-trivial NUT parameters, 
while in odd dimensions D = 2n + 1 the general Kerr-AdS metrics can be augmented with the introduction 
of (n — 2) non-trivial NUT parameters. Thus, in particular, there is a non-trivial NUT charge in D = 4, but 
there is no non-trivial NUT charge in _D = 5. In odd dimensions, only in _D = 7 and above does one have 
non-trivial NUT charges. 
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4 Kerr-NUT-AdS Metrics in L> = 6 and L> = 7 

4.1 Seven-dimensional Kerr-NUT-AdS 

Here we present the specific example of Z) = 7, with rotation parameters Cj = {a,b,c}, 
mass M and two NUT parameters Li and L2. The Kerr-NUT-AdS metric is given by 

2 _ {r^ +y^){r^ + z^)dr^ {r"^ + y'^)(y^ - z^) dy^ (r"^ + z'^){z^ - y^) dz^ 

GiS — 77 -p — -p 



where 



X 



Y Z 

,2„.2\/i „2^2\ r7 „2/ 2 „.2\/ 2 ^2\ 



(1 - g'y'){l - g'z') dt - a\a' - y'){a' - z') #1 

2 



+ 



+ 



-h\b' - y'){b' - z^) d4>2 - c\c' - y'){c' - z^)d4>3 
(,2+^2||^2_^2) [(1 + 9'r'){l - g'z') di-a\a' + r^){a' - z' 

-b\}? + r2)(62 _ ^2) ^^^ _ ^2(^2 ^ ^2)(^2 _ ^2) ^^^ 



(r2 + ^2^(^22 _ y2~) 



^2„,2 



2^„2 , „2\/ 2 



(1 + g'r'){l - g'y') dt - a\a' + T'){a' - y') 



b\b' + r%b' - y') d(t)2 - c\c' + t'){c' - y') #3 



2a2„2 



+ 



a^Vc 



fv* ^ rt 1^ 'y ^ 



-.2„,2\ 



,2 2 



2\/„2 „.2\/„2 



(1 + g'r%l - gY){l " q'z') dt - {a' + r%a' - y'){a' - z') 



(62 + ^2)(^2 _ y2)(^2 _ ^2) ^^^ _ (^2 ^ ^2)(^2 _ ^2)(^2 _ ^2) 



(37) 



'^a'^b'^c 



aH„(62-a2)(c2-a2)' 



6H6(a2-62)(c2_62) 



03 



03 



■a = 1 - 0^(72 , Hb = 1 - 62^2 



cH,(a2-c2)(62_c2)' 
H, = 1 - c2<72 , 



1 



X = ^{1 + g'r'){a' + r'W + ^ )(c' + r 



2M. 



y 



1 



1 



(l-5V)(a^-y^)(fo^-y^)(c^-y^) + 2Li 



Z=—{1- g'z'){a' - z'){b' - z'){c' - z') + 2L 



(38) 



Note that regularity of the metric dictates that the coordinates (pi each have period 2tt when 
the NUT parameters Li and L2 are set to zero. 

The metric has six parameters, (a, 6, c, M, Li, L2), but one of them is redundant. To 
show this, we first rewrite the metric after making the coordinate transformations 

t = t' + {a^ + b^ + c^)^i + (0^62 + 52^2 ^ c2a2)^2 + a'^b'^c^i'3 , 
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a 



h = ^^ + ^a' + b'')^2 + aH^^ + g^{t' + {a' + h'')^i + aH^2), (39) 

c 

which leads to 

2 _ {r'^ + y'^){r'^ + z^) dr"^ {r"^ + y^){y'^ - z^) dy"^ {r"^ + z'^){z^ - y"^) dz^ 

OjS — TT ~r TT ~r 



X Y Z 

^ -(dt' + {y^ + z^)diJi+y^z^d^2)^ 



Y ( \ 2 

(r"^ _l_ y^j(z^ — y j^ ' 

(,2 + ,2)^^2 _ ,2) (^*' + (2^' - -')^^1 - -'?^'^^2) ' (40) 

^_ Cs / . ... ...... . . . n2 



+ 



lY* ^ fi 1^ ^ 



('dt' + (y^ + 2^ - r2)d^i + (y2^2 _ ^2^2 _ ^2^2^^^^ _ ^2y2^2^^\ _ 



The functions X, Y and Z can be expressed as 

X = 5V + Cor4 + Cir2 + C2-2M + ^, 

Z = g^z^ -Cqz'^ + Ciz^-C2 + 2L2 + %, (41) 

z^ 

where 

Co = 1 + 5^(0^ + 6^ + c^) , Ci = a^ + ^2 ^ ^2 ^ ^^(a^b^ + fo^c^ + c^c?) , 

C2 = a^ft^ + 52^2 ^ ^2^2 ^ ^2^2^2g2 ^ (^^ ^ ^2^2 ^2 ^ ^42) 

We can now view the solution as being parameterised by (Co, Ci, C3), together with Xo = 
C2 — 2M, Iq = 2Li — C2, Zq = 2L2 — C2. The solution has a scaling symmetry, namely 

r^Ar, y —y \y , z^Xz, 

L/Q ^ A Oo , C-i ^ A Oi , O3 ^ A L/3 , 

Xq ^f \ Xq ^ Yq ^ A Yq ) -^0 ^ A Zo , 

t^A-^t, ^i^A-Vi, V'2^A-5^2, V3^A-^^3, (43) 

This implies that one of the parameters in (43) can be set to 1 without loss of generality. 
In turn, this allows us to set one of the original parameters, say L2 to zero. Thus there are 
actually five non-trivial parameters in the solution. 
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For any fixed gauged choice of M, Li, L2, the metric still has discrete residual symmetry, 
namely 

a^^, b^—, c^—, {M,Li,L2}^A6{M,Li,L2}, (44) 

05 ag ag 

with A = 1/(05). 

4.2 Six-dimensional Kerr-NUT-AdS 

Here we present the explicit D = Q metric, given by 

2 _ {r"^ + ip'){r'^ + z^) dr"^ {r"^ + y'^){y^ - z^) dy^ {r"^ + z'^){z'^ - ip) dz^ 
"^"^ " X + Y + Z 

^ {^{l-g^y^){l-g^z^)di- (a' - y')ia' - z')d4>i 



(r^ _|_ y2^|'j,2 _|_ -,2^ 



.(52_y2)(^2_^2)^^^^ 

Yn 

(r^ _|_ y'^){y'^ — z"^) 



2 



+ 7;:^— WT372y((l +5V)(1 -5V)dt - (a2 +r2)(a2 - z2)rf0^ 



_(62+^2)(^2_^2)^^^^2 

+ (,2 + ^2)^^2_^2) ((1 + 5'^')(1 - aV) di - {a' + r^){a' - y') d4>i 

-{b^ + r^){b^-y^)d4>2y. (45) 

where X, Y and Z are given by 

X = (l + 5V)(r2 + a2)(r2 + 62)_2Mr, y = -(1 - 5V)(a2 - y')(&' - y') - 2Li y , 
Z = -(1 - g^z^){a^ - z^){}? - z^) - 2L2 z . (46) 

The coordinate t, (pi and (p2 are related to the canonically defined t, cpi and (/)2 by (14). We 
can then make the coordinate transformation 

t = t' + (0^ + 62)^1 + 0^62^2, — = iPi + b"^ iJ2 + g^di + b"^ iPi) , 

a 

^ = ^, + a2^2 + <7'(di + a'^i), (47) 

which leads to the metric 

2 _ (r^ + y^)(r2 + 2^)(ir2 {r"^ + y'^){y'^ - z"^) dy"^ {P + z'^){z'^ - y"^) dz"^ 
"^"^ " X + F + Z 

-^ /-/ ,0 Ox-, 00-,\ 



, 2 , 2\/ 2 , 2\('^*'+ (y^ + ^^)^^l +^^^^'^^2) 



z 

+ 



(r^ _|_ ^2j^_22 _ y2"j 
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(dt' + (y2 - r^) dV'i - r V #2) • (48) 



The functions X, Y and Z given in (46) can now be written as 

X = g^r^ + Cor^ + Cir^ -2Mr + C2, 

Z = g^z^ -Coz^ + Ciz^ -2L1Z-C2, 

where Cj are constants, expressed in terms two constants a and b, given by 

Co = l + g^{a^ + b'^), Ci = a^ + b'^ + g'^aH\ C2 = aH'^ . (49) 

In fact, the constants Ci can be arbitrary, since the form of the metric has the fohowing 
symmetry: 



r ^ Ar , 


y ^ Xy, z - 


■> Az, 




Co ^ A Co , 


Ci^A^Ci, 


C2- 


-A6C2, 


M ^ A^ M , 


Li ^ A Li , 


L2- 


-^ A^ L2 , 


i^X~^i, 


V'l^A-^^i, 


^2- 


> A-5 V2 • 



(50) 

Thus to fix Cj as given by (49) is to have fixed the symmetry. It follows that unlike in the 
case of odd dimensions, the NUT parameters here are all non-trivial. For the above fixed 
parameter gauge, the metric has residual discrete symmetry, namely 

a -^ — 5- , b ^ — (51) 

ar ag 

with X = ag. 

The form in which the six-dimensional Kerr-NUT-AdS metric is written in equation 
(48) is closely analogous to the form of the four-dimensional Plebanski metrics [9] . 

5 BPS Limits 

5.1 BPS limit for D = 2n + 1 

In this section we shall investigate the BPS limit of the odd-dimensional Kerr-NUT-AdS 
metrics. In this limit the metrics admit Killing spinors, and if one furthermore performs 
a Euclideanisation to positive-definite metric signature, and sets the cosmological constant 
to be positive (by taking g^ to be negative) one will obtain Einstein-Sasaki metrics. 

For convenience, we shall scale the metrics in this limit so that their Ricci tensor is the 
same as that of a unit sphere of the same dimension. This is achieved by setting g = i- It is 
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convenient also to write the metrics in a specific asymptotically-rotating frame, by sending 

<t>i ^ (pi- g dt. 

We shall first consider the 7-dimensional metric discussed in the previous section. The 
Euclideanisation is achieved by sending 

i^ir, a^ia, b^ib, c^ic. (52) 

To take the BPS limit we define 

1 — a^ = ae , 1 — 6^=/3e, 1 — c^=7e, 

9 9 9 

1 — r =xe, 1 + y — ^ye, l + z ^ze, 

M = me*, Ll=^le^ L2 = ^2 e^ , (53) 

and then send e ^ 0. This leads to the metric 

(is? = {dT + Af + dsl , (54) 

where 

2 _ {x - y){x - z) dx^ {y - x){y - z) dy'^ {z - x){z - y) ^ 

X / ~ ~ - \2 

+ / _ \ix-z\ v" ~ ^'**'" ~ ^'^'^^^ + (/5 - y)(/3 - ^)d<p2 + (7 - y)(7 - ^)#3 j 

y / , , , x2 

+7 77 r (a - a;)(a - ^)(i(/)i + (/3 - x)(/3 - z)(i(?:)2 + (7 - a:)(7 - ^)#3 

(y-a;)(y-^)^ ) 

^ {z-xMz- \ v" ~ ^)(" ~ y)"^*^! + (/5 - a;)(/3 - y)(i(^2 + (7 - a;)(7 - y)(i(^3J 
^ = (a_x)(a-7/)(Q -z)(i(^i + (/3-a;)(/3-y)(/3-z)(i(^i + (7-a;)(7-y)(7-z)(i(^i 
X = a;(a-x)(/3-x)(7-x) -2m, F = y(a - y)(/3 - y)(7 - y) - 2^1 , 

Z = z(a-z)(/3-z)(7-z)-2^2. (55) 

The ^i are related to the original (/>j by the constant scalings 

0^ = Q(a-/3)(a -7)^1, (p2 = PiP - a){P - -f)(i>2 , 

4>3 = 7(7-a)(7-/?)'^3- (56) 

For the general case of D = 2n + 1 dimensions, we find after performing analogous 
computations that the Einstein-Sasaki metric is given by 

dsL+i = {dr + Af + dsL , (57) 
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where 



" U.dxi " X„/A w. 



*L = E^TF^ + 



Y^^M/ V^ 



f,=l ^^'^ M=l ^'^ *=1 "* ^^ 



i=\ 

n n 

X^ = Xf, Yliai - x^) - 2i^ , Wi = Y{iai- x^) (58) 

Thus we obtain a large class of local Einstein-Sasaki metrics in arbitrary (2n+l) dimensions. 
These metrics extend the results obtained in [10, 11], where there were no NUT charges, 
and those in [12, 6], where metrics of cohomogeneity two were considered. We expect that 
(57,58) is the most general metric for Einstein-Sasaki spaces with [7(1)"+^ isometry in 
(2n + 1) dimensions. 

It is of considerable interest to study the global structure of these Einstein-Sasaki met- 
rics, and thereby to obtain the conditions on the parameters under which they extend onto 
smooth manifolds. This was done for D = 5 in [10, 11], where complete metrics for the 
Einstein-Sasaki manifolds L^'^^ were obtained. Those results extended previous results for 
the Y^'^ [13] manifolds, which corresponded to the specialisation where the two angular 
momentum parameters were set equal. For seven dimensions, the global structure has been 
previously discussed for various special cases. When Y and Z in (55) both have a double 
root, the solution reduces to that obtained in [14], where the global structure was analysed 
in detail. If two angular momenta are set equal, the solution reduces to that obtained in [12] 
where the global structure was also discussed. Aside from these special cases, our general 
results in D = 7 that we have obtained in this paper are new. Similarly, our results in 
D >9 extend those obtained previously. 

5.2 BPS limit for D = 2n 

The BPS limit in this case can give rise to Ricci-flat Kahler metrics. Consider first the 
example of the six-dimensional Kerr-NUT-AdS metric. We perform a Euclideanisation and 
take an analogous BPS limit to the one we discussed above for the seven-dimensional case, 
by setting 

M = me^, Li = iiie^, L2 = ii2e^ . (59) 



In the BPS limit, when e goes to zero, we obtain the Ricci flat metric 

2 ^ {y -x){z -x)dx'^ {x - y){z - y) dy^ {x - z){y - ^, ^^. 



AX AY AZ 
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X / ~ _ ._ ..-7X2 



2 



+ . _ w^_^) (^^ ^^~ (a-y)(a-z)#i - {(3 - y){l3 - z)d(i)2J 

+- r- r-(x z df — ia — x){a — z)d(j)i — (P — x)(P — z)d4>2 ] 

{x-y){z -y)\ ) 

+ . _ w _ J a;j/df- (a-x)(a - y)d(\)x - {P - x){/3 - y)d(j)2J 

X = x{a-x){P-x)-2m, Y = y{a - y){fi - y) - 2ii , 

Z = z{a - z){j3 - z) - 2i2 ■ (60) 

The coordinates f and (/>j are related to the original r and 0^ by the constant scalings 

01 = a{a - P)<f>i , 02 = P{P - a)(f>2 , r = a/3 f . (61) 

Note that this metric can in fact be viewed as the zero cosmological constant limit of the 
six-dimensional Einstein-Kahler metric (55) that we obtained above. 

For the general case of D = 2n dimensions, we find that the BPS limit of the Eu- 
clideanised Kerr-NUT-AdS metrics yields the Ricci-flat metrics 

/1=1 ^ IM=1 ^ ^ 1 = 1 ^ 

n— 1 

TT TT'" 

X^ = x^YY {ai - x^) - 2^^ , ^M = 1 i j^_-^ i^i^ ~ ^m) ' 

n n 

W^ = J[{ai-x^), 7=J]x^. (62) 

Again, these metrics can be obtained also as limiting cases of the metrics (58), in which the 
cosmological constant is sent to zero. 

6 Conclusions 

In this paper, we have obtained new results for the inclusion of NUT parameters in the 
Kerr-AdS metrics that were constructed in [4, 5]. Our strategy for doing this involved 
first making a judicious choice of coordinates parameterising the latitude variables in the 
Kerr-AdS metrics. By making a change of variables analogous to one considered long ago by 
Jacobi in the theory of constrained dynamical systems, we were able to rewrite the Kerr-AdS 
solutions of [4, 5] in such a way that the metrics become diagonal in a set of unconstrained 
latitude coordinates y^. These coordinates then appear in a manner that closely parallels 
that of the radial variable r, and this immediately suggests a natural generalisation of 
the Kerr-AdS metrics to include NUT charges. We explicitly verified that the generalised 
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metrics solve the Einstein equations in all dimensions D < 15, and we expect that they 
likewise solve the equations in all higher dimensions. After further changes of variable, 
we arrived at the very simple expressions (22) and (33) for the general Kerr-NUT-AdS 
metrics in all odd and even dimensions. These expressions can be thought of as natural 
generalisations of the four-dimensional results obtained in [9] . 

The general Kerr-NUT-AdS metrics that we have obtained in this paper have a total 
of (2n — 1) non-trivial parameters, where the spacetime dimension is D = 2n + 1 in the 
odd-dimensional case, and D = 2n in the even-dimensional case. In odd dimensions these 
parameters can be viewed as comprising n rotations, a mass, and (n — 2) NUT charges. In 
even dimensions they instead comprise (n — 1) rotations, a mass, and (n — 1) NUT charges. 
In odd dimensions, but not in even dimensions, there is some measure of arbitrariness in 
the interpretation of parameters as rotations or NUT charges. 

An interesting feature of the Kerr-AdS and Kerr-NUT-AdS metrics that is uncovered 
by our work is that in all dimensions there exist discrete symmetries of the metrics in 
which one of the rotation parameters is inverted through the AdS radius 1/g, together 
with appropriate scalings of the other rotation parameters, the mass and the NUT charges. 
An implication of these symmetries is that any metric with over-rotation, i.e. where one 
or more of the rotation parameters exceeds the AdS radius, is identical, up to coordinate 
transformations, to a metric with only under-rotation. This was observed previously for 
the Kerr-AdS metric in D = 5 [6]. The inversion symmetry was apparently not previously 
noticed in the four-dimensional Kerr-AdS metric, and we have presented it explicitly, in the 
standard coordinate system, in appendix B. 

We also considered the BPS, or supersymmetric, limits of the Kerr-NUT-AdS metrics. In 
odd dimensions these yield, after Euclideanisation, new examples of Einstein-Sasaki metrics. 
We expect that by making appropriate choices for the various parameters in the solutions, 
one can obtain new examples of complete Einstein-Sasaki spaces defined on non-singular 
compact manifolds. 
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A A symmetry between the time and azimuthal coordinates 

It can be observed from the expressions for the Kerr-NUT-AdS metrics that we obtained in 
section 3 that the time coordinate and the azimuthal angular coordinates appear on a very 
parallel footing. It is possible, therefore, to present further simplifications of the expressions 
(17) and (28) in odd and even dimensions that exploit this observation. 

For the Kerr-NUT-AdS metrics in odd dimensions D = 2n + l, we make the definitions 

1 " 

ao = -, Ti = T[iaj-xl), 0</<n, 

2 " 

4>o = -<?'" i, X^ = ^ll{aj- xD + 2M^ . (63) 

^^ 7=0 

The metric (17) can then be written as 

d' -2^i^^^. + 7^(,2^^2T^J j-(nn 2)i2^r,#,j . (64) 

For the Kerr-NUT-AdS metrics in even dimensions D = 2n, we make the definitions 

1 " 

Ti = l[{aj-xl), 0</<n-l, 



g 



v=\ 

n~\ 

-52"-2 t , x^ = -g" [] (af - xD - 2M^ x^ . (65) 

7=0 



The metric (28) can then be written as 

B Inversion symmetry of the L> = 4 rotating black hole 

We made the observation n section 3 that there exists an inversion symmetry in all the Kerr- 
NUT-AdS metrics, in which one of the rotation parameters is inverted through the AdS 
radius, together with corresponding scalings of the other parameters. A case of particular 
interest is in four dimensions. (The inversion symmetry for the five-dimensional Kerr-AdS 
metric was given in [6].) The four-dimensional Kerr-AdS metric can be written as 

p2 = r^ -K a^ cos^ (9 , Ar = (1 + g'^r'^)ir'^ + a'^) - 2M r , Ag = 1 - a V cos^ ^ ,(67) 
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where H = 1 — o^g^ . It is straightforward to verify that the metric is invariant under the 
transformation 

M 



r (p (j) 

r — > — , cos 6 ^ ag cos 9 , ^ , t —> agt -\ — . (68) 

ag ag g 

Note that the metric (67) is written in a frame that is asymptotically rotating at infinity. 
As a consequence the required ignorable coordinate transformations in (68) that bring the 
transformed metric back to its original form do not, unlike those given in (32) for an 
asymptotically-static frame, simply involve an exchange of the azimuthal coordinate and 
g times the time coordinate. If we define an asymptotically-static frame by replacing the 
azimuthal coordinate with <j) = <j) + ag'^t, then the last two transformations in (68) become 
simply 

^^gt, gt^^. (69) 
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